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Two-dimensional real algebras with zero divisors 
S. C. ALTHOEN and K. D. HANSEN 
BENJAMIN PEIRCE in his seminal work on linear associative algebras [6] classified 
all two-dimensional real associative (pure) algebras. He reported on his results 
from this work in talks delivered to the National Academy of Sciences during the 
period from 1867 to 1870, but they were not published until 1881, posthumously. 
(See [3], [4].) In 1958 LUCHIAN [4] began a classification of all two-dimensional real 
algebras with zero divisors, and in 1970 WALLACE [8] classified all two-dimensional 
power associative real algebras. Finally, in 1983 ALTHOEN and KUGLER[1] gave 
canonical forms for all two-dimensional real division algebras. 
This paper complements all these previous works by presenting a list of canonical 
forms for multiplication tables of all two-dimensional real algebras which are not 
division algebras (i.e., which have zero divisors). The presentation is algorithmic: 
given any such algebra, one can easily derive one of our forms. Except in the case 
of the final table, as is clarified below, the tables presented are uniquely deter-
mined; the proof of this fact is not difficult and is omitted for purposes, of brevity. 
Consider the real algebra si with basis , tj2} with respect to which multiplica-
tion is given by the following table: 
f}l *12 
til a l f l + a 2 ' /2 M 1 + M 2 
>?2 Clh + C2l2 di th + d2ri2 
We use the convention that Roman letters represent real numbers and Greek let-
ters represent elements of si. We can write the table in the abbreviated form: 
h >72 
tli a P 
»/2 V Ô 
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by setting cc=a1t]1+a2t]2, etc. Let Lx and Rx denote, respectively,^left and right 
translations by the element y£s i : 
£ J [ ( A ) = Y.A A N D = <*X> F ° R A 'L . 
Then for x=x1q1 + x2ri2, with x 1 ,x 2 €R, we find that 
det (LX) = Ql{Xx , A'2) = MLxf + NLXXX2 + PLx| and 
det(flx) = QR(xx,x2) = Muxl+Nnxixi + Pzxl, 
where ML = [a, fi\, NL = |a, S\ + \y, PL = |y, 8\, 
MR = |a, y\, Nr = |a, + \p, y\, and PR = \p, <5|, 
given, for example, that the notation |a, fi\ denotes the determinant 
ax bx 
a2 b2 
Let A=Nl—4MLPL=N2R — 4MRPR. By definition, si is a division algebra if 
and only if Lx is nonsingular for all nonzero elements y £ s i (or equivalently, Rx 
is nonsingular for all nonzero elements this is the case if and only if the 
quadratic form QL(;<x,x¿) is positive definite (or equivalently, QR{x1, x2) is pos-
itive definite). Thus si is a division algebra if and only if <d<0, and sé is an algebra 
with zero divisors if and only if A ^ 0 . 
As we proceed, we will subdivide the two-dimensional algebras with zero 
divisors into subclasses. One of the sets of criteria.we use is the classification scheme 
of LUCHIAN [4]: 
D e f i n i t i o n . A two-dimensional algebra si belongs to the class: 
Lx, if J > 0, R1} if A > 0, 
L2, if A = 0 but QlÍx^XvJjé 0, Rí, if A=0 but QR(xltx2)^0, 
L3, if Ql(XUX2) = 0, R3, if 0R(x¡, x2) = 0. 
R e m a r k s . (1) The quadratic forms QL(xi,x2) and QR(x1,x2) and the quantity 
A are dependent upon the basis {»/j, rj2) of si, and at first glance it appears that the 
subclasses L¡ and Rj are as well. However, this is not the case. In fact, the algebra 
si is in the class: 
a) ZaC^i) 'f a n d only if there are two independent left (right) zero divisors 
in si, but not every nonzero element of si is a left (right) zero divisor; 
b) L2(R2) if and only if there exists a left (right) zero divisor yjzsi and every 
other left (right) zero divisor in si is a multiple of y_; 
c) L3(i?3) if and only if every nonzero element of si is a left (right) zero divisor. 
(2) From the theory of quadratic forms (see [5], pp. 85—86), we know that if 
{vl5 v2) is another basis for si, generating corresponding quadratic forms Ql(xls x2) 
and Q\(xi, x2) quantity A", and if T: si-*si is a linear transformation such 
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that Tir i^Vt , then A°=\T\2A. This provides a direct proof that the class L1=R1 
is independent of basis. 
(3) The triplets L l 5 L2, L3 and R1, R2, R3 each form partitions of the class of 
algebras with zero divisors. Following the notation of Luchian, we let L tLj denote 
the intersection LiOLj. It is clear that L1=R1, and hence L1R2=L1R3=L2R1 = 
= LSR1=Q; all other intersections, however, are nonempty. 
As seen above, if A SO, there exist nontrivial elements i¡/(is/ such that 
Lx(il/)=^'/jp=0. In fact, in some cases there exists a nontrivial element yd si such 
that L/(-/)—y2=0. The second set of criteria we use for classification of the two-
dimensional algebras with zero divisors is based upon the number of such elements 
(if any exist). 
Def in i t ion . A two-dimensional algebra s i belongs to the class: 
S, if there exists a nontrivial element y^si whose square is 0, 
N, if no such element exists. 
The following proposition gives a criterion which determines whether an alge-
bra lies in the class N or the class S. 
Propos i t i on . A two-dimensional real algebra si lies in the class N if and only 
if given any multiplication table for si: 
we have 
>7l >?2 
h a £ 
y 5 
tfl bi + ci dt 0 
0 a¡ I l + Cl d\ 
a2 b2 + c2 d2 0 
0 a2 b2 + c2 d2 
* 0. 
Proof . There exists a nontrivial element X=x1t]1+x2>^2 in si with / 2 = 0 
if and only if there exists a nontrivial solution (xj, x2) to the system: 
ai xi + (t>i + cx) xx x2 + dxx\ = 0, 
a2 x\ + (¿o + c2) xx x2 + d2x\ = 0. 
This will be the case if and only if the two polynomials 
z2 + (b1 + c,) z + dy and a2z2 + (b2 + c2)z + d2 
have a common root, and this is true if and only if their resultant, given by the 
determinant above, is 0. (See [7] for details.) 
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Suppose that si is an algebra in which there exists a nontrivial element /£si 
such that Lz(x)=x2=0. In this case, we can set and let t]2 be any element 
independent of to obtain a multiplication table in the form of Table S below. 
Otherwise, y.ij/=0 implies that / and ip are independent elements of si, and 
setting th=x and i2 = ij/, we arrive at a multiplication table in the form of Table N 
below. Note that since si has no nontrivial elements which square to 0, necessarily 
x\a+x1x2y +x\y2=0 if and only if xx=x2=0. (This implies, in particular, that 
a, 6*0.) 
h >72 >7i >h 
h 0 ß >7i a 0 
>72 y ö >72 y 8 (xfa+x1x2y + xf<5 = 0 <=> = x2 = 0). 
Table S Table N 
The classes N and S clearly also form a partition of the class of two-dimensional 
algebras with zero divisors. The multiplication tables given above are particularly 
useful in that they simplify the definitions of the Lj and Rj classes given above, as 
is shown by the following proposition. The proof follows immediately from the 
definitions of the quadratic forms QL and QK and the quantity A. 
Propos i t ion . If an algebra si has a basis with respect to which its multiplica-
tion table has the form of Table S, then si belongs to: 
Lx, if \P,y\.*0, Rx, if \P,y\*Q, 
Lz, if \P,y\=0 but \y,S\^0, R2, if \fi,y\=0 but <51 5*0, 
¿3, if \fi,y\ = \v,6\=0, R3, if \P,y\ = \P,0\ = 0. 
If an algebra si has a basis with respect to which its multiplication table has the form 
of Table N, then si belongs to: 
Lx, if |<x, ¿ 1 * 0 , Ru if |a, ¿ 1 * 0 , 
£-2, if 1«, ¿ 1 = 0 but lv, ¿ 1 * 0 , R2, if lot, ¿ 1 = 0 but |a, y\ ^ 0, 
¿ 3 , if I«, ¿I = |y, <51 = 0, Rn if |a ; y\ = |a, ő\ = 0. 
We now find a set of canonical forms for multiplication tables of two-dimensional 
algebras with zero divisors. As we proceed, we further partition the classes L,R} 
defined by Luchian via their intersections with the classes N and S. Following 
the previously established notation, we let concatenation denote intersection. 
The Case L3R3: It is clear from the original definitions of the classes L and 
R that si belongs to the class L¿R3 if and only if in any multiplication table for si, 
the elements a, p, y and <5 are pairwise dependent. This implies that any multiplica-
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tion for has the form: 
h >72 
h (XV 6v 
12 cv dv 
The Case L3R3S: In this case we can begin with a table in the form: 
>7i >72 
h 0 bv 
12 cv dv 
The zero algebra is clearly one element of this class: 
(.L3R3SI\) 
>7i >72 
h 0 0 
>72 0 0 
This algebra is not catalogued by PEIRCE since it is "mixed". (See [6], p. 100.) 
It is Wallace's power associative algebra . 
Assume in what follows that the multiplication on s/ is nontrivial, so that 
v^O and at least one of b, c and d is nonzero. The element v is determined up to 
scalar multiples by the fact that it spans the ranges of the left and right multiplica-
tion maps Lx and Rx of any element zdsf. We proceed by considering two cases: 
v2=0 and v V 0. 
(1) v2=0: Take >h = v and tj2 any element independent of v to get a table 
in the form: 
>7i >72 
tli 0 bh 
>72 c>?i dm 
(la) b^O, b+c¿¿0: 
c'=c/b, we get the table: 
Set C2=(-¿/6[¿ + c]K+(l/fc)>/2. Then with 
ii C« 
Ci 0 Cl 
c2 c'C 1 0 (C' - 1). 
Set Ci=>7i. C2=(l/fc)>72 to get 
Ci U 
Ci 0 Ci 
c2 -Ci 0 
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In the two preceding cases we have shown that we can get a table in the form: 
Ci C2 
Ci 0 Ci 
C* c'Cl 0 (L3R3S/2) (2 
When c '= — 1, this is Wallace's algebra A ( - 1). 
(lc) b¥>0, b + c=0, d^O: Set & = ( d / b 2 ) ^ , £2=(l/b)t,2 to get: 
Ci C2 
Ci 0 Ci 
(L3R3SI3) t2 - C i Ci . 
(Id) c = 0 (i/^0): Set C2=V2 to get: 
Ci C2 
Ci 0 0 
(L3«3S/4) c2 0 Cx . 
This is Peirce's associative algebra (c2) and Wallace's algebra 
(le) 6=0, c?*0: Set C2 = (-^/c2)>7i + (l/c)f72 to get: 
• 
Ci £2 
Ci 0 0 
(L3R3S/ 5) f , Ci 0 . 
(2) vMO: Take t]2=v and t^ any element such that tj%=0 (so that t]1 is 
necessarily independent of v). We get a table in the form: 
ni >7 2 
i i 0 bt]2 
>72 cf].2 dr\2 
(2a) \c/b\Sl: Set C1=(l/fr>tf1, Ca=0/«0»l«- Then with c'=c\b, we get: 
Ci C2 
£1 0 i . 
£2 c'C2 £2 (LsR3S/ 6) C2 
(2b) 6 ^ 0 , \c/b\^l: Set £1 = (-1/c)^+([6+c]/cdf)qB and ^2={\ld)t]2. With 
c'=b/c, we again get a table in the form of (L 3R 3S/6) . 
(2c) ¿7=0, c^O: Set & = l / c ^ + O/rf)^ , ( 2 = ( 1 a n d c ' = 0 to get 
yet another table in the form of (L3R3S/6). 
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(2d) b=c=0: Set Ci=>7i, f,=(l/«Q»h to get: 
Cl C2 
Ci 0 0 
C2 0 C2 
Although this algebra is associative, it is not catalogued by PEIRCE because it is 
"mixed". ([6], p. 100.) It is Wallace's algebra B2. 
The Case L3R3N: We begin with a table in the form: 
h n% 
h av 0 
n 2 cv dv 
where v * 0 and (0,0) is the unique solution of ax\+cxxx2+dx\=0. Once again, 
the element v is determined up to scalar multiples by the fact that it spans the 
ranges of the left and right multiplication maps Lx and Rx of any element 
If v} is dependent, we replace ^ by v to arrive at the table: 
>7i r¡2 
th a>l i 0 
»72 cf/i d>h 
Otherwise, v=n1t]1+n2tj2, where n2*0. In this case, if / = (— dn2)+ (anx-f cn2)?/2, 
then vx=0 and |v, xl — — a n l + c n ^ + d n l ^ O , so that {v, /} is -dn2 anx + au 
independent. Thus by replacing t]1 by v and tj2 by we can again assume that we 
have a table in the preceding form. 
To proceed we need a definition: 
De f in i t i on . 
sgnx {-
1 for * ^ 0 
1 for x < 0. 
(Note that we do not define sgn 0=0 , as is customary.) 
The fact that (0, 0) is the unique solution of ax\+cx1x2+dxl=0 implies that 
c 2 -4a r f<0 and hence ad>0. Thus setting £i=(l/a)>h, C2—([sgn c]ftad)t}2, and 
c' = \c\/Yad, we arrive at the table : 
Cl c2 
Ci Cl 0 
(.L3R3N) Ç2 c'Cl Cl 2). 
Thus there are eight distinct table forms in the L3R3 case. 
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The Case L^R2S: In this case we begin with a table in the form: 
m 1* 
'7i 0 P 
>?2 y 8 
with the Lj and R2 conditions 
\P, y\ = 1?. ¿1 = 0, \P, ¿1 * o. 
These imply that y=0 and the table in fact has the form: 
»7i »72 
m 0 P 
»72 0 5 
There are two cases to consider: that {»jj, /}} is dependent, and that {f/l5 /?} 
independent. 




0 br, t 
0 diih + dzriz (bd2?i 0). 
(la) b - d 2 * 0 : Take Ci=»7i and C2=[W4-&)]»7i+(l/&)>72- Then with d'--
= d j b , we arrive at the table: 
Ci C2 
Ci 0 Ci 
C2 0 d'U 
(lb) b — d 2 = 0 = d 1 : Set Ci=»7i and C 2 = Q f b ) r ] 2 to arrive at: 
Ci Co 
Ci 0 Ci 
C2 0 c2 
Both of the preceding tables are of the form: 
Ci c2 
Ci 0 Ci 
C2 0 d'U (L3R2S/1) 2 
If d'— 1, this algebra is associative, but it was missed by Peirce. It is Wallace' 
algebra A 3. 
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(lc) b—d2—0, d^0: Set £i=(djb2)>h and C2=(l/6)^2 to arrive at: 
Cl Co. 
Ci 0 Ci 
(.L3R2SI2) C2 o Ci+C2 
(2) {t]1, /5} is independent: Replace r\2 by j3 to get a table in the form: 
h Vi 
tii 0 l»l2 
0 di>h+d2ri2 




Ci 0 C. 
C. 0 
The Case L3R2N: In this case we begin with a table in the form: 
fli Is 
1i a 0 
12 7 <5 
where the L3 and R2 conditions on such a table imply that 
\cc, S\ = |y, ¿ |==0 and |a, y| * o. 
The only way these can hold is if ¿=0 , but this is not allowed in Case N. Thus 
L3R2N=0. 
The Case L2R3: Recall that every algebra si has a corresponding algebra siopp 
whose underlying set and addition is the same as for si and whose multiplication o 





if and only if {tfo, t]2} is also a basis for siopp giving the multiplication table: 
h Is 
h a y 
f 2 P s 
Moreover, si lies in the class £, (/?,) if and only if siopp lies in the class for 
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i '=l , 2, 3. Thus if si lies in the class L2R3, si°pp must lie in the class L3R2. In par-
ticular, it follows that L2R3N=0. 
The Case L2R3S: If si lies in the class L2R3S, then siopp lies in the class L3R2S 
and hence must have a basis giving a multiplication table in one of the canonical 
forms just presented. Thus with respect to the same basis, si has a table in one of 
the following forms: 
Ci c 2 
Cl 0 0 
(L2R3S/l) c2 Ci d't* 




C, 0 0 
c2 Cl Ci + C2 
Cl" C2 
c, 0 0 
C» c 2 ± C i + d'U (L2R3S/ 3) 
We have shown that there are three distinct table forms in each of the L3R2 and 
L2R3 cases. 
The Case L2R2S: In this case we begin with a table in the form: 
m >72 
m 0 p 
12 y s 
where the L2 and R2 conditions imply that 
\p,y\ = 0 and \ p , ô \ , \ y , ô \ * 0 . 
This implies that the table must actually have the form: 
11 >72 
m o p 
1z cP <5 
Note that in this case (x1r]1+x2ri2y—x2[(l +c)xiP+x26], Since {/?, <5} is inde-
pendent, this implies that (x1i71+x2»/2)2=0 if and only if x 2=0. This means that 
is determined up to scalars, as is /?, since P spans the range of L^. Again there 
are two cases to consider: when , j6} is dependent, and when , p} is inde-
pendent. 
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0 b n x 
cm diTh + dtfi (bcd2 * 1). 
(la) b+c-d2Take Ci=>7i and ?2 = [djb(d2-b-c)]^+(1 /6)f?2. With 
c'=c/b and d'=djb, we arrive at the table: 
Ci C
2 
=d2/b, we arrive at: 
Ci o Ci 
Í2 c'Ci 
= <k : Set Ci= 
Cl C
2 




Both of the preceding tables are of the form: 
Ci C2 
Ci 0 Cl 
C2 c'Ci d'C, (L2R2S/1) C2 
When c'=d'—l, we obtain Peirce's associative algebra (ci2) and Wallace's alge-
bra B5. When c' — l/a and d'—{\ + <r)/cr 0 , - 1 ) , we obtain Wallace's alge-
bra A (a). 
(lc) b + c-d2=0, d^O: Set Ci=№/&2)>7i and C2=(l/b)t]2. Then with c '= 





c'Ci C i + ( i + O C i ( c ' ( i + c ' ) ^ 0 ) . 





>72 «7 2 dih + drfz 
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In this case, take Cx=Cllb)rii and C2 = [sgn ( c J 2 ) W i t h c'=c/b and d' = 
= |i/2|/^|ii/,| we arrive at the table: 
Ci C 8 
Ci 0 ( 2 
C'U + (L2R2SI3) C2 
T/ie Case L2R2N: Here we begin with a table in the form: 
h >?2 
h a 0 
n« y <5 
where the L2 and R2 definitions imply that 
\oc, ¿ | = 0 and |a, y|, |y, <5| ^ 0. 
Since a¿¿0 and {a, <5} is dependent, we may rewrite the table as: 
h 
a 0 
I2 y dot. 
For x^XjTh+Xitji and Q=yiih+y2i]2, ZZ=(x1y1+dx2y2)oi+x2y1y. Thus since 
{a, 7} is independent, x£=0 if and only if xxyy+dx2y2=x2y1—0. When £¿¿0, 
this is the case if and only if x2—y1=0. Hence the only left zero divisors in si are 
multiples of f/i and the only right zero divisors in si are multiples of rj2. (It follows 
that rj1 and t]2 are determined up to scalar multiples.) 
We now rewrite the table as: 
h *12 
>h Ctlll + Wz 0 i ax a2 
>72 Clth + C2l2 C-1 Co 
(1) a2?i0: Take Ci=(l/«i)'h> (2=(«2/^1) >/2- With c[ = c1 a2ja\, c'2=c2jal, 
and d'=dc§]a\, we get the table: 
Ci C , 
Ci C1 + C2 0 
(L2R2NI1) C2 CiCi + ciC2 d'ttx + y (d' * 0, Cl s* c'2). 
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(2) a2=0(al9i0): Let e=sgn [c1/a1]/(a1 / | d | ) and take Ci=(l/fli)>7i and C2=£ÍÍ2• 
With c i ^ c M / Y l d i and c2=c,/«!, we get: 
Cl . C
2 
Cl Cl 0 
C2 cifi+c; C» ±fi (L2R2NI2)  
(3) «1=0 0): Let e=sgn [c2/a2]/(a2 ^=6»?! and C2=(l/«2MI)'7a 















Thus there are six table forms in the L2R2 case. 
The Case LtRj S: In this case we begin with a table in the form: 
>7l 12 
>?i 0 0 
>72 y <5 
where the and Rx definitions imply that | /3, Here (xt]1+yt]2)2= 
Thus if {P+y, <5} is independent, only scalar multiples of t]x 
square to 0, while if {P+y,d} is dependent, there are two independent elements 
with this property. As above, we procced by considering cases: that {P+y, <5} is 
independent, and that {P+y, <5} is dependent. 
(1) Assume first that {P+y, <5} is independent. 
(la) {J/j, P} is independent: Replacing t]2 by P, we arrive at a table in the form: 
m 12 
m 0 br¡2 
Clt]i + C2t]2 d1t]1 + d2t]2 U I 
cx b + c21 
dx d2 I 
Taking Ci=(L/^)'7I> C2=(Mcx)t]2, c'=c2b, d[=bdjc2 and d'2=d2/c1, we arrive at 
the table : 
<1 c2 
Cl o ç2 
Ca+c'C2 d[(1 + d.;t;.¿ (dí-(i +c')dí * o). (Lx R.SH) i2 
When c.'— — 1, d[—0, and d'2=1, this is Wallace's algebra A4, 
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lb) {»7i,/i} is dependent: Since |/?, y\^0, we must have j%—br]2, b ^ 0 , and 





cr\i ¿i>7i + 4>?2 (IUH-
Here, taking ii=(l/c)>7i, (,2=(llb)tj2, d'^cdjb2 and d2=djb, we arrive at the 
table: 
Ci C2 
Ci 0 Ci 
C . Ci ¿ i C i + rfaia ( L y R ^ I 2) ( 2 
(2) {0+y, 5} is dependent: Since y\implies that 0+y^O, ¿=A:(/?+y) 
for some Then (- kf]1+t]2y= —k(fi+y)+5=0, and replacing t]2 by —kr]1 + 




0 b1t]1 + b2t]2 
^l>7l + C2>72 0 (ft'H-
(2a) c ^ O , b j c ^ b j c ^ . Taking C i = ( l / f c a ) > 7 i , C 2 = ( 1 / c i ) > / 2 , b ' ^ b j c ^ and 
c'=cilb2, we arrive at the table: 
(L1R1S/3) (2 
Ci . c 2 
CI 0 6 ' C i + C 2 
c 2 Cl + c ' i 2 0 ( A V < 1). 
(2b) 62, c ^ O , bjc^bjc^. Taking Ci=(l/ci)ff2, Ca = C1/^2)>ii, b' = c2lb2, and 
c^bJc-L, we again arrive at a table of the form (L1R1S/3). 
(2c) 6 2 =0 (fc^c^O), c ^ O : Taking Ci=(l/c2)f/!, and c'=c1lbi 
yields the table: 
Ci c2 
Ci 0 C i 
(L^S/4) C2 c ' C i + C 2 0 
(2d) c x =0 c2^0), b27^0: Taking f 1 = ( l / b ^ n , Ct=(l/cjth, and c'=bjc2 
also yields a table of the form (¿1i?1S'/4). 
(2e) 6 2 = ^ = 0 ( ^ , 0 2 ^ 0 ) : We take Ci = (l/c2)f7i and C 2 = ( 1 / & i ) > ? 2 to get the 
table: 
Ci C 8 
Ci 0 Ci 
( L ^ S / 5 ) C 2 C2 0 
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The Case LyRxN: In this case we begin with a table in the form: 
til Vi 
>?i a 0 
12 y <5 
where the Lx and Rt definitions imply that |a, # 0 and hence {a, <5} is independent. 
It follows that y=ka+£S, where k=\y, <5|/|a, <5| and £—\ct, y|/|a, and one 
sees that the N condition holds if and only if i.e., if and only if 
|V, |ct, y| * |«, 5\\ 
Excepting scalar multiples, there are exactly two pairs of left and right zero divisors 
in the algebra: r^, rj2 and fjlt fj2, where r\y = —krj1+ri2 and fj^th—£i]2, both are 
pairs of independent elements since k t ^ 1. With respect to {f/l51]2} the algebra 
has the multiplication table: 
f i I2 
h 0 
cif/i + c2>;2 dir)i + d2r¡2 (a^d2 ~ a2dx ^ 0) 
and with respect to {»jj, ÍJ2}, it has the table: 
ñi f¡2 
alt¡í + a2rj2 0 
(a13z — a2B1 0) 
where a1 = td1 + d2, a2 — d1 + kd2, cx--
ax a 2 —a1+ka2, and hence 3l 
=(1 -k£) 
£cx C'2. c2— Cj kc2, —£ ax-f-a2, 32-
ax a2 7*0. 
In this case we proceed by considering cases determined by whether the num-
bers Cj, c2, c1, and c2 are zero or nonzero. While at first glance it would appear 
that there are sixteen such cases, the formulas c1= — £c1—c2 and c2— — cx—kd2 
imply that only eight are actually possible. The remaining cases can be split into 
four groups as follows: 
(1) c1=c2 = c1=c2=0. 
(2) Exactly two of ct, c2, cx and c2 are zero. 
(These are necessarily either cx and c2, or c2 and cx.) 
(3) Exactly one of cx, c2, cx and c2 is zero. 
(4) All of cx, c2, Cj and c2 are nonzero. 
(1) Assume first that cx = c2=0= ^=¿2=0. 
38 S. C. Althoen and K. D. Hansen 
(la) fll=0 ( a ^ r f ^ O ) : Taking Ci=a22/3d;mm, C 2 ^a 2 l i a d; 2 / 3 ^ 2 and d= 
=a~ 1 / 3 d^ w d 2 , we arrive at a table in the form: 
Ci c2 
Ci c2 0 
(I^R.N/l) C2 0 Ci + ^C2 
(lb) a^O, d2 =0 (a,, 4 * 0 ) : Take C ^ a ^ d ^ ^ , C2=a^ / Sdr l l 3 t]1 and 
d = a 1 a 2 m d i m to again obtain a table in the form (L^iV/1) . 
(lc) au d2*0: Taking Ci = (l/«1)'/i> C2 = 0/d2)t]2, a = a2d2\a\ and d=a1djdi, 
we arrive at the table: 
Ci C2 
(L.R.NH) Ca 
Cl + < 2 0 
0 ¿ i i + C2 ( a r f * l ) . 
(2) Next assume that exactly two of c l5 c2, cx and c2 are zero. 
(2a) C l *0 , c2=0, c x =0 (a2=0, a ^ O ) : Take i ^ O / ^ H , C 2 = ( l / c < = 
—Oidjcl and to arrive at the table: 
f l c2 
f l Ci 0 
i . Ci diCi + d2C2 ( A { 2 
(2b) cx=0, c 2 =0 № = 0 , 4 * 0 ) : Take C=0/<«»i i, C2 = ( - l/cj)»Ji + 
+(l/4)>/2> c2—axd2)Jc\ and ¿ 2 = — f l i / c 2 to again get a table in the form 
( I ^ A / 3 ) . 
(3) Next assume that exactly one of c1; c2, ct and c2 is zero. 
(3a) Cj=0, c2*0, c ^ O , c 2 *0 ( 4 * 0 ) : Take 
Ci = (1 /Ca) + [(fli 4 ~ «2 ¿ i ] ^ , 
C2 = ( - 1 /c2)m + [«i/(fli 4 - «2 4 ) ] ri2 , 
a{ = (axc^ + axdi — a^d^/cldx, 
a'2 = {axd2~ a2d^){-a^d^ a2d\ + c244)/c|4a, 
d{ = (a\c2dt + axa2d^d2 - a\dl)\(a^d2 - a2d-tf and 
d2 = (~ald2 +a, a2dx + a2c2dx)]c2(axd2 -a2dx) 




flJCi + flJC« 0 
Ci + C 2 d{Ci + ^ C2 [ f l i ( 4 + 1 ) - " a W + 1 ) = o , fli - 4 * d'2 - di] 
Two-dimensional real algebras 39 






C1 + C2 ¿iCa + ^Ca (I«, ô\ * 0, ( * + ! ) ( / + ! ) = 0 , kt * 1) 
where, as defined above, 
k = (d, - dJKcti d2 - a2dx) and £ = (ax — a2)/(ax d2 — a^dy). 
(3b) c ^ O , c 2 =0, c^O, c2^0 (a2^0): Taking 
Ci = [4/fai d2 -a2dx)\rix-{\ /Cj) >h, 
Ca = [(ai<4-Mi)/0aCi]»h + (l/Ci)iZ
a
, 
ai = ( - a x <tff + a 2 c t + a 2 ^ rf2)/ci - «2 ¿1), 
«a = {axa2dxd2-a\dl + a2cxdl)l{axd2-a2d-tf, 
d{ = (ax — a2 </x) («! cx — aj + a2 i^ ) /^ c i , and 
¿2 = {a\d2-(ha^d^ a2cxd^\a2c\, 















+l)^i = o, oí- «4 * 
which is again in the form (LyRyN/4). 
(3c) q ^ 0 , c 2 ^0 , t j = 0, c 2 ^ 0 {axcxc2 —a2cj Jra1c2d2—a2c2d1 = 0): 
(3ci) alcl+a1d2-a2dL?iQ (c2=a2c\l{alci + aid2-a2di), a2^0): 
Take 
Ci = [(fllCi + û l r f 2 -02^l ) /ô2CÏ] i ; i , C2 = ( l /Cl) i /2 . 
= a1(alc1 + ax d2 - a2 dx)lax cf, a'2 = (fl^-t- ¿/2 - a2 c*, 
i/i = d1a2l(aiC1 + a1d2 — a2d1), and = 
to arrive at a table in the form (*) and hence of the form (L1i?1iV/4). 
(3cii) axcx + ard2-a2dx = Ç) (a 2 =0, a ^ O , ¿4^0, c1——d2): Take Ci = Cl/c2)»?i, 









 d'C 1-C2 (a'd'^o, a' + d ' ^ - l ) 
which is also of the form (Lx N/4). 
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(3d) 0, c 2*0, Cj*0, c 2 =0 (fliCjd2—a2cx4 + cxc2d2 — c2 4 = 0): 
(3di) ax4—i/24-I-c2d2 * 0 (cj — c\4/(flid2—a2d1+c2d2), 4 ^ 0 ) : Take 
Ci = 0 / c 2 )»h , Ca = [ ( a i 4 - M i + c 2 4 ) / c l ^ i ] f 2 , 
4 = ajc2, a'2 = a2 dj(al d2 -a2dx + c2d^), 
4' = (aid2-a2dl + c2d2f!c\d1, and d2 = d2{axd2- a2di + c2d2)!c\di 
to arrive at a table in the form (**) and hence of the form (L^iV/4) . 
(3dii) a1d2 — a2d1 + c2d2 = 0(d1 = 0, a^O, d2^0, c 2= — Take (1 = ( ~ \/a1)r]1, 
C2=(l/c1)f/2, ci=a2cja\, and d'=djc1 to arrive at the table: 
Cl c
2 
Cl - C i + a ' C 2 0 
C1 + C2 d'U 
which is also of the form (LiR^N/4). 
(4) Finally, assume that cx, c2, cl5 c 2 T h e n a1c1c2—a2cx+a1c2d2— 
-a2c2dxji§, c t d 2 - a 2 c x d x + c L c 2 d 2 - c l d ^ 0 . Taking Ci^Cl/c^^i, C2 = (^/c1)t]2, 
a[=ajc2, a2=a2cjcl, d[ = c2dylc\, and d2=djcx, we arrive at the table: 
Ci 
(LlR1NI5) C2 
Cl [a[{d[ + \)-a'2{d[ + \) 
4c 1 + 4 C 2 o K + 1)d'2 - (a2 + 1)4 * 0, 
Ci + C2 4 + d'2 C2 a[di - * 0]. 
On the other hand, because k£ * 1, we may also use the basis change: 
Ci = [(c1d2-c2d1)l(a1c1d2-a2c1d1 + c1c2d2-cld1)]t]1-
- [(a!d2 — a2dl)l(a1 cxd2—a2cxd1 + c1 c2d2 - c!4)]>h and 
C2 = - [(fli 4 - a2 4) / ( f l i cx c2 - a2 cl + flj c2 4 - o2 c2 4 ) ] ^ -
+ c2 ~ a2 £i)l(ai Ci c2 — a2c\ + ax c2 4 - a2 c24)] r\2 
to get another table of the f o r m ( L ^ JV/5), where in this case, 
ai = - ( f l i c 2 4 - « 2 c 1 4 + a 1 4 2 - f l 2 4 4 ) / ( a 1 c 1 4 - a 2 c 1 4 + c 1 c 2 4 - c l 4 ) , 
) a2 = -(a1c1c2-a2cl + a1c2d2 — a2c2d1)(a1d1d2-a2d? + c1dl-c2d1d2)-
• (ax Cj 4 - «2 C i 4 + Cl C 2 4 - C14)~2= 
4 = — ( f li c2 — c i + fli d2 — « 1 4 ) ( 4 Cj 4 — «2 4 + Ci c 2 4 ~ c f 4 ) • 
• ( a i C 1 c 2 - a 2 c i + fliC24-a2c24)-2, 
and 4 = - (of 4 - <3j 4 + o2 c14 - a2 c2 4 ) / ( 4 Ci c2 - a , cf + ax c2 d2 - a2 c2 4 ) . 
Two-dimensional real algebras 41 
In this case, two tables: 
Í1 C2 Ci & 
Í, axtx + a2£2 0 Ci 4Ci + fláC
2
 0 
Í2 C1 + C2 ¿1C1 + 4C2 Í2 C1 + C2 dx C'x + d2 
satisfying the side conditions defining the (£,x iV/5) case are tables for isomorphic 
algebras if and only if 
(') ax = a1; a2 = a2, d[ = dx, d2 = d2, or 
(SS) a[ = — (axdx — a2dx + axdi — a2dxd2)l(axd2 — a2dx + d2 — dx), 
a2 = - («! — a2 + axd2 — a2 dx) (ax dx d2 - a2 df + d\ - dx d2)l(ax d2 -a2dx + d2~ d x f , 
d'x = - (af - ax a2 + ax a2 d2 - a\ dx) (ax d2 -a2dx + d2- dx)l(ax-a2 + ald2~ a2 d x f , 
and d2 = -(ald2-axa2dx + a 2 d 2 - a 2 d x ) l ( a x ~ a2 + axd2-a2dx). 
The case (L x R x N/5 ) need not necessarily result in two distinct tables since the 
systems (#) and may yield the same solutions, as is true, for example, in the 
case that ax=2, a2 — —10, dx=3, and d2 — — 3. Clearly (") and have the same 
solutions if and only if 
ax = - (axdx — a2dx + axd'i - a2dxd2)j{axd2 -a2dx+d2 — dx), 
a2 = - (ax -a2 + a^ d2 - a2dx)(axdxd2 - a2df + - dxd2)l(axd2 -a2dx + d2- d x f , 
dx = - (al -axa2 + axa2d2 - a\dx){axd2-a2dx + d2- dx)l(ax -a2 + axd2- a2dxf, 
and d2 = - (ald2 -axa,dx + a2d2- a2dx)l(ax -a2 + axd2 — a2dx). 
Each of the first and fourth of these equations is equivalent to 
ax + d2-1-1 = 0, 
and assuming this equation holds, the second and third equation each can be shown 
to be equivalent to 
(a2 + dx+\)\a,5\ + 2(ax-a2)(dx-d2) = 0. 
If these two equations are not both true, an algebra in the case (LXRXN/5) will 
have two distinct tables fitting the canonical form; if they do hold, there is only 
one such table. 
We have shown that there are ten distinct canonical forms for tables in the 
Lx Rx case. 
S u m m a r y . This paper proves that there are 34 distinct table forms two-di-
mensionel real algebras. Four of these describe division algebras and are classi-
fied in [1]. The other 30 describe algebras with zero divisors and appear above. 
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